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Abstract. Improving a result of M. Rabus we force a normal, locally compact, 
0-dimensional, Frechet-Uryson, initially wi-compact and non-compact space X of 
size a;2 having the following property: for every open (or closed) set in X we 
have \ A\ < uji or |X \ A| <lui. 



1. Introduction 

E. van Douwen and, independently, A. Dow [4] have observed that under CH an 
initially cui-compact T3 space of countable tightness is compact. (A space X is initially 
K-compact if any open cover of X of size < k has a finite subcover, or equivalently any 
subset of X of size < k has a complete accumulation point). Naturally, the question 
arose whether CH is needed here, i.e. whether the same is provable just in ZFC The 
question became even more intriguing when in [2] D. Fremlin and P. Nyikos proved 
the same result from PFA. Quite recently, A. V. Arhangel'skiihas devoted the paper 
[1] to this problem, in which he has raised many related problems as well. 

In [7] M. Rabus has answered the question of van Douwen and Dow in the negative. 
He constructed by forcing a Boolean algebra B such that the Stone space St{B) 
includes a counterexample X of size 002 to the van Douwen-Dow question, in fact 
St{B) is the one point compactification of X, hence X is also locally compact. The 
forcing used by Rabus is closely related to the one due to J. Baumgartner and S. 
Shelah in [3] , which had been used to construct a thin very tall superatomic Boolean 
algebra. In particular, Rabus makes use of a so-called A-function / (which was 
also used and introduced in [3]) with some extra properties that are satisfied if / is 
obtained by the original, rather sophisticated forcing argument of Shelah from [3]. 
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In this paper we give an alternative forcing construction of counterexamples to 
the van Douwen-Dow question, which we think is simpler, more direct and more 
intuitive than the one in [7] . First of all, we directly force a topology t/ on ui2 that 
yields an example from a A-function (with no extra properties) in the ground model 
which also satisfies CH. There is a wide variety of such ground models since they are 
easily obtained when one forces a A-function or because implies the existence of 
a A-function (cf. [3]). 

Let us recall the definition of the A-functions from [3]. 

r -|2 r 1^'^ 

Definition 1.1. Let / : uj2 — ^ be a function with f{a,j3} C a fl /3 for 



{a, (5} e 

provided t 



2 

. (1) We say that two finite subsets x and y of 002 are good for f 



0J2 

:hat for q; e X n /? G ,x \ y and 7 G y \ x we always have 

(a) a < /?,7 ^ « G /{/3,7}, 

(b) a</?^/{a,7}c/{/?,7}, 

(c) a < 7 ^ C /{7,/3}- 

(2) We say that / is a ^-function if every uncountable family of finite subsets of UJ2 
contains two sets x and y which are good for /. 

Both in [3] and [7] the main use of the A-function / is to suitably restrict the 
partial order of finite approximations to a structure on uj2 so as to become c.c.c. This 
we do as well, but in the proof of the countable compactness of Tf we also need the 
following simple result that yields an additional property of A-functions provided CH 
also holds. In fact, only property 1.1. (a) is needed for this. 

Lemma 1.2. Assume that CH holds, f is a ^-function, {cq : a < UJ2} are pairwise 

r 1 

disjoint finite subsets of U2 and B G 002 ■ Then for each n E u there are distinct 
ordinals ckq, ai, . . . , q;„_i G cu2 such that 

B C n{/(^'^) : ? e c«,,^ e c„.,i < J < n). 

Proof. We can assume that supi? < minCc for each a < u}2- Denote by S(n) the 
statement of the lemma for n. We prove S(n) by induction on n. The first non-trivial 
case is n=2. Assume indirectly that S(2) fails. Then for each a < j3 < uj2 there is 
ba,i3 £ B such that ha^p ^ f{^,v) some ^ G Cq, and rj G cp. By CH the Erdos- 
Rado partition theorem [6] has the form UJ2 — > (^i)^) thus there are I E UJ2 ^ and 
b E B such that for each a ^ (3 E I we have b ^ f{^, rj) for some ^ G and rj E cp. 

Let da = Ca U {b} for a E I. Since / is a A-function there arc a ^ {3 E I such that 
da and dp are good for /. But daf^dp — {b} and b < minc^, minc/3, so by 1.1. (a) we 
have b E /(^, 77) for each ^ G Cq, and r) E cp contradicting the choice of 6 = ba,i3- Thus 
S(2) holds. 

Assume now that S(n) holds for some n > 2 and we prove S(2n). Applying S(n) 
a;2-many times for B and suitable final segments of {ca : a < 002} we can obtain 
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a;2-many pairwise disjoint n-element sets {ckq, a'(, . . . , Oi'^_i} C CU2 such that for each 

B C n{/(C'^) : i e c«.,r/ G c«.,i < j < n}. 

Let dy = U{ca^ : i < n} for z/ < a;2. Applying S(2) for B and the sequence {di, : v < 
UJ2} we get ordinals u < < 002 such that B C f{i,r]) for all ^ & d^, and r] & d^. 
In other words, if i, j < n, ^ E and e c^^/^ then 5 C f{i,r]). Therefore the set 

{q;q, q;^') • • • ) c^n-i' cto' '^u • • • ) Qin-i} witnesses S(2n). □ 



The following, even simpler, result about arbitrary functions / : 





2 




u;2 




UJ2 



<w 



with /{a, /3} C a n /3 for {a, /3} e 



0^2 



will also be needed. 



UJ2 



there is a 



Lemma 1.3. If f is a function as above then for each K,K' e 
countable set clf{K,K') C 002 such that 

(a) K C df{K,K'), supK = supc\f{K, K'), 

(b) e cV(X, K') yrj e dfiK, K') U K' (/{e, 77} C cV(ir, K')). 

Proof. Let K(0) = K, K(n + 1) = K(n) U U{/{C,^} : C e K(n),?7 G K(n) U /sT'} and 
cV(X,X') = Un<.K(n). □ 

The topology r/ that we will construct on UJ2 is right separated (in the natural 
order of UI2) and is also locally compact and 0-dimensional. Thus for each a E UJ2 
one can fix a compact (hence closed) and open neighbourhood H(q;) of a such that 
maxH(a) = a. Conversely, if we can fix for each a E UJ2 such a right-separating 
compact open neighbourhood H(q;) then the family {H(q;) : a < 002} determines the 
whole topology r on U2. In fact, using the notation U(q;, h) = H(q;) \lJ{H(/5) : /9 e 6}, 



a 



}is 
finite 



it is easy to check that for each a E 002 the family = {U(q;, 6) : b G 
a T-neighbourhood base of a. Therefore, our notion of forcing consists of 
approximations to a family Ti = {H(«) : a < UJ2} like above. 

Now, if = {H(a) : a < 002} is as required and f3 < a < 002 then either (i) 
(3 e H(a) or (ii) P ^ H(a). If (i) holds then H(/?)\H(a), if (n) holds then H(/3)nH(a) 
is a compact open subset of (3, hence there is a finite subset of P, call it i{a, (3}, such 
that this set is covered by H[i{Q;,/?}] = IJ{H(7) : 7 e i{a,,d}} It may come as a 
surprise, but the existence of such a function i is also sufficient to insure that the 
collection Ti. be as required. More precisely, we have the following result. 

Definition 1.4. If = {11(a) : a G 002} is a family of subsets of 002 such that 
max 11(a) = a for each a E UJ2 then we denote by the topology on uj2 generated 
by U {uj2 \H : H e H} as a subbase. 

Clearly, t-h is a 0-dimensional, Hausdorff and right separated topology in which 
the elements of H are clopen. 
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Theorem 1.5. Assume thatTi is as in definition 1.4 above and there is a function 

such that 







2 




i : 


UJ2 




u;2 



<U1 



l2 



UJ2 



satisfying i{a, /?} C a fl /3 for each {a, P} e 

if (3 < a then (3 G H(q;) implies H(/9) \ H(q;) C H[i{a,/?}] and (3 ^ H(a) implies 
H(/3) n H(a) C H[i{Q;,/3}]. Then each H(q;) is compact in the topology t^, hence 
is locally compact. 

Proof. We do induction on a e ui2- Assume that for each /3 G a we know H(/3) is 
compact in t-h- By Alexander's subbase lemma it suffices to show that any cover /C of 
H(q;) by members of Ti. and their complements has a finite subcover. Let X e /C be 
such that a E K. If = H(7) then a < 7. The case a = 7 is trivial so assume a < 7. 
But then H(«) \ K C. H[i{a,7}] and by our inductive hypothesis H(/3) is compact 
for each (3 G i{Q;,7} hence so is H(/3) fl H(a) \ K being closed in H(/3). Therefore 
H(q;) \ K is compact and so some finite /Co C /C covers it. But then /Co U {K} covers 
H(q;), hence we are done. A similar argument works ii K = uj2 \ H(7), then using 
H(q;) n H(7) C H[i{Q;, 7}] if a < 7 (or the compactness of H(7) if 7 < a). □ 

It is now very natural to try to force a generic 0- dimensional, locally compact and 
right separated topology on uj2 by finite approximations (or pieces of information) of 

and i. As was already mentioned, the A-function / comes into the picture when 
one wants to make this forcing c.c.c. The technical details of this are done in section 
2. 

We call the family Ti coherent \i j3 E H(a) implies H(/3) C H(«). Clearly, this 
makes things easier because then H(/3) \H(a;) = 0, hence there is no problem covering 
it, the requirement on i is only that ii 13 ^ H(q;) and {3 < a then H(/3) fl H(q;) C 
H[i{Q;, 13}]. The original forcing of Baumgartner and Shelah from [3] (when translated 
to scattered, i.e. right separated, locally compact spaces rather than superatomic 
Boolean algebras) actually produced such a coherent family Ti. This is interesting 
because if Ti is coherent and is separable, which we have almost automatically if 
Ii, is obtained generically, then t-h is also countably tight! 

Theorem 1.6. If there is a coherent family 7i of right separating compact open sets 
for a separable topology r on L02 then t((a;2, t)) — uj. 

Proof. Let X — {uj2,t). Then for each a G a;2 we have t{a,X) = t(Q;,H(Q;)), hence 
it suffices to prove t(Q;,H(Q;)) — cu. We do this by induction on a. So assume it for 
each f3 < a. If we had t(«,H(Q;)) = ui then H(a) would contain a free sequence 
S = {x„ : V < cji} of length Ui. S must converge to a since for each j3 < a 
we have, by the inductive hypothesis, t(H(/3)) < u, hence | H(/9) n S\ = ur. Let 
Fu — {x/^ : n < v} for each v < cui. Since S is free we have a ^ for all v < uji and 
the sequence {F^, : u < uji) is (strictly) increasing. For each u < Ui there is a finite 
subset hi, of F^, such that Fi, C H[6i^]. Now, if fi < u then 6^ C C F,^ C B.[bu] 
implies that for each /3 G 6^ we have H(/9) C H[6j^] by the coherence of 7i, hence 
H[&^] C H[6,^]. But we have seen above that | H[6j^] fl 51 < a; for each u e loi, while 
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of course S C lJ{H[6i/] : v < cui}, hence the H[6,^]'s yield a strictly increasing uji- 
sequence of clopen sets in a separable space, which is a contradiction completing the 
proof. □ 

Ironically, this general result that gives countable tightness so easily cannot be 
used in our construction because we had to abandon the coherency of 7i in our effort 
to insure countable compactness (implied by the initial a;i-compactness) of r-^. 

We mentioned above that our examples, by genericity, are separable. But this is 
not a coincidence. It is well-known and very easy to prove that if X is an initially 
cui-compact space then t(X) < u implies that X has no uncountable free sequence. 
(Moreover, if X is T3 the converse of this is also true.) Hence the following easy, 
but perhaps not widely known, result immediately implies that any non-compact, 
initially a;i-compact space of countable tightness contains a countable subset whose 
closure is not compact. Thus if there is a counterexample to the van Douwen-Dow 
question then there is also a separable one. 

Lemma 1.7. If Y is a non-compact topological space, then for some ordinal /j, the 
space Y contains a free sequence {y^ : ^ < /j,} (lY with non-compact closure. 

Proof. If Y is non-compact, then Y has an strictly increasing open cover {Ua '■ a < k} 
for some regular cardinal k. We pick points & X and ordinals < nhy recursion 
as follows. If the closure of the set Y^ = {y^ : rj < ^} in Y is compact, then pick 
& K such that Y^ C Ua^ and let y^ eY \ Uai^ ■ 

The sequence is strictly increasing because yn G Ua^ \ Ua^ for r) < ^. So for 
some C, < K, the closure of Y^ is non-compact. But Y^ is also free because for each 
T) < ^ we have C Ua^ and {Y^ \ Yr^) fl Ua^ = 0. So we are done. □ 

Note that under CH the weight of a separable T3 space is < c<Ji, and an initially 
Wi-compact space of weight < cui is compact, hence the CH result of van Douwen 
and Dow is a trivial consequence of 1.7. Arhangel'skiiraised the question, [1, problem 
3], whether in this CH can be weakened to 2'^ < 2'^^? We shall answer this question 
in the negative: theorem 3.9 implies that the existence of a counterexample to the 
van Douwen-Dow question is consistent with practically any cardinal arithmetic that 
violates CH. 

In [1, problem 17] Arhangel'skiiasked if it is provable in ZFC that an initially loi- 
compact subspacc of a T3 space of countable tightness is always closed. (Clearly this 
is so under CH or PFA, or in general if the answer to the van Douwen-Dow question 
is "yes".) In view of our next result both Rabus' and our spaces give a negative 
answer to this question. More generally we have the following result. 

Theorem 1.8. If X is a locally compact counterexample to van Douwen-Dow then 
the one-point compactification aX — X \J {p} of X also has countable tightness. On 
the other hand, X is an initially cui-compact non-closed subset of aX. 
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Proof. Let A d X he such that p & A { i.e. A is not compact). By lemma 1.7 
and our preceding remark then there is a countable set S d A such that 5' is not 
compact. But by t{X) — u then there is a countable T C A for which S G T , 
hence T is non-compact as well, so p e T. Consequently we have t(p, aX) — u and 
so t{aX) = Lu. □ 



2. The forcing construction 

The following notation will be used in the definition of the poset Pf. Given a 
function h and a C dom(/i) we write h[a\ — U{/i(^) : ^ e a}. Given non-empty sets 
X and y of ordinals with sup x ^ sup y let 

a; n y if sup x ^ y and sup y ^ x, 
X * y — x\y if sup x E y, 
y\x if sup y E X. 



Definition 2.1. For each function / : 





2 




002 




a;2 



satisfying /(a, /3) C o; fl /3 



UJ2 



for any {a, /3} e 
of P/ is the family o: 



1 a e 



UJ2 



we define a poset Pf — {Pf,<) as follows. The underlying set 
triples p — {a,h,i) for which 

, h : a - 



(ii) max/i(^) 



• V{a) and i : 
^ for each ^ G a , 



P(a) are functions, 



(iii) i(tv) C /(^,r7) for each {^,77} e 

(iv) h{^) * h{r]) C /i[i(C,r/)] for each {{,r/} G 
We will often write p = (a^, h^, for p G Pj. 

For p,qePfletp<q if a^' D n a« = for ^ G a«, and F D If p G Pf, 

aeaP,bGaPna, let us write uP{a, b) = /i^'(q;) \ hP[b]. 

Lemma 2.2. For eac/i a < CU2 the set Da — {p & Pf : a & a^} is dense in Pf. 

Proof. Let q E Pf with a ^ a^. Define the condition p < q hy the stipulations 
aP = a« U {a}, /i^ (a) = {a}, hP{^) = and iP{a, ^) = for ^ G a«. Then clearly 

peDa. □ 

Definition 2.3. If ^ is a P/-generic filter over V, in V[Q] we can define the topolog- 
ical space = Xf = {uj2,Tf) as follows. For a E 002 put H(a) = [j{h'''[a) : p G 
A a G a^}, let = {H(a) : a < 002} and let Tf = r-^ as defined in L4, that is, Tf is 
the topology on UJ2 generated by 7i U {a;2 \H : H E Ti] as a subbase. 

If ^ is a Pj-generic filter over V then by lemma 2.2 we have [j{a^ '■ p E Q} = 002-, and 
for each a < UJ2 maxH(Q;) = a and H(q;) is clopen in X/. Thus Xf is 0-dimensional 
and right separated. Of course, neither / nor i is needed for this. As was explained in 



February 1, 2008 



How TO FORCE. 



7 



section 1, we need / to be a A-function in order to make Pf c.c.c (which insures that 
no cardinal is collapsed), and the function i is used to make Xf also locally compact. 

Theorem 2.4. // CH holds and f is a A-function, then Pf satisfies the c.c.c and 

yPf 1= "Xf = {ijj2,Tf) is a 0-dimensional, right separated, locally compact space 
having the following properties: 

(i) t{Xf) = uj, 

(ii) VA e [u2Y^ 3a G u;2 |^ n H{a) \ = iOi 

(iii) \/A e [uJ2]'^ {A is compact or \u;2 \ ^| < i^i)-" 

Consequently, in V^f , Xf is a locally compact, normal, countably tight, initially uj^- 
compact hut non-compact space. 

Proof of theorem 2.4. To show that Pf satisfies c.c.c we will proceed in the following 
way. We first formulate when two conditions p and p' from Pf are called good twins 
(definition 2.5), then we construct the amalgamation r = p-\-p' of p and p' (definition 
2.6) and show that r is a common extension of p and p' in Pf. Finally we prove in 
lemma 2.8 that every uncountable family of conditions contains a couple of elements 
which are good twins. 

Definition 2.5. Let p — (a, h, i) and p' — (a', h' , i') be from Pf. We say that p and 
p' are good twins provided 

(1) p and p' are twins, i.e., \a\ = \a'\ and the natural order-preserving bijection 
e = Cpy between a and a' is an isomorphism between p and p': 

(i) /i'(e(0) = e"/i(0 for each ^ e a, 

(ii) i'{e{^),e{r])) = e"i{C,r]) for each {^,77} e [a 

(iii) e(^) = ^ for each ^ e a fl a', 

(2) z(^, ri) = ri) for each {C, v} e 

(3) a and a' are good for /. 

Let us remark that, in view of (ii) and (iii), condition (2) can be replaced by 
7]) <Z aHa! for each r]} E a Da' 



, 2 
a n a , 



2 



Definition 2.6. If p = {a,h,i) and p' = {a',h',i') are good twins we define the 
amalgamation r = {b,g,j) of p and p' as follows: 
Let 6 = a U a'. For ^ e /i[a n a'] U h'[a n a'] define 

= mm{5 eana' -.^ e h{6) U h'{6)}. 

Now, for any ^ E b let 

HO u h'iO if C e a n a', 

(•) 9{0 = { h{Ou{vea'\a:Sr,eh{0} if { e a \ a', 

h'iO U {ri e a\a' : 6^ E /i'(0} if C e a' \ a. 
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Finally for {^,77} G b let 



(••) 



' i{^,v) if C,^ e a, 
< i'{^,v) if ^,776 a', 
/(C) n 6 otherwise. 



(Observe that j is well-defined because 2.5.(2) holds.) 
We will write r = p + p' for the amalgamation of p and p'. 

Lemma 2.7. If p and p' are good twins then their amalgamation, r — p + p', is a 
common extension of p and p' in Pf. 

Proof. First we prove two claims. 

Claim 2.7.1. Let rj & a and 5 e aHa'. Then rj G h{6) if and only if S^i is defined and 
5r, G h{5). (Clearly, we also have a symmetric version of this statement for rj G a'.) 

Proof of claim 2.7.1. Assume first rj G h{S). Then Sj^ is defined and clearly 5^ G h{6) 
if = S. So assume 5^ 7^ S. Since i{Srf,S) C a D a' and maxi(5^,5) < 5^ we have 
T] ^ h[i{dr),S)] by the choice of 5^. Thus from p G P/ we have 



Then h{Sn) * h{S) 7^ h{Sri) H h{6) by (f). Since 77 G /i(5) implies 5,, < S, we actually 
have /i(5^) * h{S) = h{5.,^) \ h{6). Thus 6^^ G by the definition of the operation *. 

On the other hand, if 5^ G h{6), then either 5^ = 5 or /i(5^) * h{6) = h{5n) \ h{6). 
Thus T] G /i((5) because in the latter case again 77 ^ /i[i(5,7, (^)], hence (f) holds. □ 

Claim 2.7.2. If an a' then 



Proof of claim 2.7.2. Conditions 2.5.1 (i) and (iii) imply h{^) n a n a' = /i'(^) n a n a' 
and so 



The second equality follows analogously. □ 

Next we check r G Pf. Conditions 2.1.(i)-(iii) for r are clear by the construction. 
So we should verify 2.1.(iv). 

Let ^ ^ T) ^ b and a G g{^) * g{r]). We need to show that a G g\j{i,i])]- We will 
distinguish several cases. 



(t) 



rj^h{S,)*h{S). 



9(0 = m U {77 G a' \ o : 5, G h{0} = h'{0 U {r] e a\ a' : 6, e h'{0}- 



g(0 = U h'iO = KO U ((a' \ a) n /i'(0). 
By claim 2.7.1 we have 

(a' \ a) n h'iO = {r]ea'\a: 6„ G 

But by 2.5.(1) we have (5^ G /i(.^) iff 5,, G h'{^), hence it follows that 

g{0 = K0^{v^a'\a:6r,eh{0}. 
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Case 1. ^,7] e a ( or ^,7} E a' ). 

Since g{^) H a = h{^) and 51(77) Pi a = h{ri) we have {g{C,) * gij])) H a = h{S,) * h{rj) 
by the definition of operation *. Thus {g{i) * g{^)) fl a C h[i{^, 77)] = g[j{i., rf))] fl a C 
gljii-iVi)]. So we can assume that a e a' \ a. We know that 5a is defined because 
a G giO^div) is ^Iso satisfied. Since a G g{^) iff 5q, G /i(^) and a G (7(77) iff 5„ G /^(t]) 
by (•) it follows that 6a G /i(^) * h{ri). Thus there is z/ G such that 5^ G 

But i(^,?7) = ji^,r]) and a G ^((i/) by (•). Thus a G 

Case 2. ^ G a \ a' anc? rj E a' \a. 

We can assume that a G a, since the a & a' case is done symmetrically. 

Subcase 2.1. * g{ri) = c/(7^) \ 

Then a G ^'(77) and r) G so 5^ and 5^ are both defined and 5a G /i'(77), 

5^ G h{^) hold, hence a < 5^ < ^ < (^r? < But a and a' are good for /, so by 1.1(a) 
we have 5a G f{r], ^) Hb — rf). Thus a G h{5a) C g{5a) C g[j{C, v)] which was to 
be proved. 

Subcase 2.2. g{^) * g{ri) = g{^) n g{ri) or g{^) * g{ri) = g{^) \ g{ri). 

Since now a & g{^) * g{rj) C g{i), by the definition of the operation * we have 

(1) \{a,C}ng{r))\^l. 

Thus, by the definition of g{r]), 5* — min{5 G a n a' : a G h{5) V ^ G h{5)} is well- 
defined and 5* < 1]. Ii5* < ^ then a G h{5*) and by 1.1(a) we have 5* G /(^, 77) n 6 = 

for a and a' are good for /, and so a G g[j{C,,'>])]- 
Thus we can assume ^ < 5*. We know that 5* = 5a or 5* = 5^ by the choice of 5*, 
but 5a = 5^ is impossible by (1). Thus 

(2) \{a,0nh{5*)\ = l. 

Since a G (/({) implies a G /i({) and we have ^ < 5*, (2) implies a G /i(^) * /i((^*) 
and so a G h[i{^,5*)]. But i(,^,5*) C f{C,,5*) C f{^,f]) because a and a' are good for 
/, so 1.1(b) or (c) may be applied. Consequently, we have i{i,5*) C j{^,r]) by (••). 
Hence a G g\j{^, rj)] which was to be proved. 

Since we investigated all the cases it follows that r satisfies 2.1.(iv), that is, r G P/. 
Since r <p,q are clear from the construction, the lemma is proved. □ 

Lemma 2.8. Every uncountable family T of conditions in Pf contains a couple of 
elements which are good twins. Consequently, Pf satisfies c.c.c. 
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Proof. By standard counting arguments J-" contains an uncountable subfamily !F' 
such that every pair p ^ p' E satisfies 2.5.(f)-(2). But / is a A-function, so there 
are p p' E J-'' such that and are good for /, i.e. p and p' satisfies 2.5.(3), too. 
In other words, p and p' are good twins and so r = p + p' is a common extension of 
p and p' in Pf. □ 

Let ^ be a P/-generic filter over V. As in definition 2.3, let H(a) = \J{hP{a) : p e 
Q Aa E a^} for a E 002, and let t/ be the topology on cu2 generated by {H(q;) : a e 
UJ2} U {u!2 \ H(q;) : a G UJ2} as a subbase. Put i = '■ P £ Q}- 

Since Xj is generated by a clopen subbase and max{H{a)) = a for each a E 002 
by 2.1(ii), it follows that Xf is 0-dimensional and right separated in its natural well- 
order. 

The following proposition is clear by 2.1.(iv) and by the definition of H and i. 

Proposition. H(a) * H(/3) C H[i(Q;,/3)] for a < (3 < U2. So by 1.5 every H(a) is a 
compact open set in Xf. 

Definition 2.9. For a e a;2 and b E a let 

\J(a,b) = H(q;) \H[6] 

and let 

r 1 <^ 

Ba = {U(a,6) -.bEa }. 

By theorem 1.5 every 11(a) is compact and Ba is a neighborhood base of a in Xf. 
Thus Xf is locally compact and the neighbourhood base Ba of a consists of compact 
open sets. 

Unfortunately, the family Ti = {H(q;) : a < 002} is not coherent, so we can't apply 
theorem 1.6 to prove that Xf is countably tight. It will however follow from the 
following result. 

Lemma 2.10. In V^f , if a sequence {z(^ : C, < uJi\ C H(/3) converges to (3, then there 
is some ^ < a;i such that (3 E {z(^ : C, < 

Proof. Assume on the contrary that for each ^ < a;i we can find a finite subset b^ (Z (3 
such that {zc:C<^}n U{f3, 65) = 0, that is, {z^^ : ( < ^} C H[6^]. 

Fix now a condition p E Pf which forces the above described situation and decides 
the value of /3. Then, for each ^ < a;i we can choose a condition p^ < p which decides 
the value of z^ and b^. We can assume that {a^^ : ^ < <^i} forms a A-system with 
kernel D, z^ E a^^ \ D and that z^ < Zj, ior ^ < r) < loi. 

Claim. Assume that ^ < q < uii, p^ and p^ are good twins and r — p^ + Pri- Then 
r\\—\ E H[Dn/3]". 
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Proof of the claim. Indeed, G because r < P(,Pr^. Since G a^«\a^'', (•) and 

claim 2.7.2 imply that z^ G h^lbrj] holds if and only if 6z^ E D = fl a*''' is defined 
and G /i^''[6^]. Since 6^ C we also have (5;^^ < /3 and so G n/3]. □ 

Applying lemma 2.8 to appropriate final segments of {p^ : ^ < c<Ji} we can choose, 
by induction on fi < uji, pairwise different ordinals ji < < rj^ < uji with r]^ < ^„ 
a IJ, < 1/ such that p^^ and are good twins. Let = p^^ + p^^. Since Pf satisfies 
c.c.c there is a condition q < p such that q\\ — " G a;i : G Q}\ = Ui" . Thus, by 
the claim q\^''\{z^ : ^ < Ui} n E[D n p]\ = Ui" , i.e. the neighbourhood U(/5, D n (3) 
of [3 misses uncountably many of the points z^ which contradicts that (3 is the limit 
of this sequence. □ 

Corollary 2.11. t(X/) =uj. 

Proof. Assume on the contrary that a G and t{a,Xf) = t(a,H(«)) = uji. Then 
there is an a;-closed set Y C H(a) that is not closed. Since the subspace H{a) is 
compact and right separated and so it is pseudo-radial , for some regular cardinal k 
there is a sequence {z^ : ^ < k.} C Y which converges to some point P G H{a) \ Y. 
Since Y is cu-closed and |y| < | fi(a)| = uji we have k = Ui. By lemma 2.10 there is 
some ^ < uJi with f3 G {z/^ : < ^} G Y contradicting j3 (^Y . □ 

Lemma 2.12. In V^i , for each uncountable A C Xf there is (3 ^ uj2 such that 

|AnH(/3)| = uji. 

Proof. Assume that p\\ — "A = {a^ : < c^i} G "• For each ^ < ooi pick p^ < p 

and G UJ2 such that p^w — = a^. Since Pf satisfies c.c.c we can assume that the 
are pairwise different. Let sup{q;^ : ^ < lui} < (3 < 002- Now for each ^ < a;i define the 
condition q^ < p^ by the stipulations a«« = a^^ U {/3}, hi^{/3) = a«« and = 

for z/ G a^^. Then q^ G Pf and g^ii — G H(/3). But Pf satisfies c.c.c, so there is q < p 
such that q\^ "|{^ G tUi : G = cui" . Thus gl^ "|A ^ H(/3)| = Wi." □ 

Since every H(/9) is compact, lemma 2.12 above clearly implies that Xf is oui- 
compact, i.e. every subset S C Xf of size uji has a complete accumulation point. 

Now we start to work on (iii): in V^f the closure of any countable subset Y of 
Xf is either compact or it contains a final segment of 002- If ^ is also in the ground 
model, then actually the second alternative occurs and this follows easily from the 
next lemma. 

Lemma 2.13. If p G Pf, (3 E a^, b G H (3, a G (3\a^ , then there is a condition 

q < p such that a G b). 

Proof. Define the condition g < p by the following stipulations: = U {a}, 
hi{a) = {a}, 

'^^'')-\ hP{v) ii(3^ hP{iy) 
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for z/ G a^, and let i'^ D and i''{a, z/) = for z/ G a^. 

To show g G P/ we need to check only 2.1(iv). Assume that a G h'^{i') * h'^{fi). 
Then by the construction of q we have P G * hP{lJ)- Thus there is ^ G iP{i',iJ,) 

with /? G But then a G h'^iO, so by /x) = i^lu, n) we have a G h'i[i'i{h', /x)]. 

In view of * C h'P[F{u, fj,)] we are done. Thus q G P/, g < p and clearly 

a G 6), so we are done. □ 

This lemma yields the following corollary. 
Corollary 2.14. If Z e 002"^ ^iV and /3 G a;2 \ sup Z then f3 eZ. 

Proof. Let U(/5, 6) be a neighbourhood of /3, & G [/?J . Since pi^"U(/3, b) D -u^ (/?, 6)" 
for each p & Pf and the set 

Df,,,,z^{qePf:u^{P,b)nZ^$} 

is dense in Py by the previous lemma, it follows that U(/3, b) intersects Z. Conse- 
quently p e'z. □ 

The space Xf is right separated, i.e. scattered, so we can consider its Cantor- 
Bendixon hierarchy. According to corollary 2.14 for each a < 002 the set = 
[ura, uja + a;) is a dense set of isolated points in Xf \{u!2 \ wa). Thus the a*^' Cantor- 
Bendixon level of Xf is just A^,. Therefore Xf is a thin very tall, locally compact 
scattered space in the sense of [8] . Let us emphasize that CH was not needed to get 
this result, hence we have also given an alternative proof of the main result of [3]. 

Now we continue to work on proving property 2.4(iii) of Xf. 



where h is the function with 



Given p E Pf and b C let p\b = (^b,h,i^\ 

dom{h) = b and h{^) = hP{^) fl b for C, E b. Let us remark that p\b in not necessarily 
in Pf. In fact, p\b E Pf if and only if i^{C,r)) C b for each ^ ^ rj Eb. Especially, if 
b is an initial segment of oP, then p\b E Pf. The order < of Pf can be extended in 
a natural way to the restrictions of conditions: if p and q are in Py, 6 C a^, c C a^, 

define p\b < g[c iff 6 D c, n c = n c for each ^ G c, and iP\[c^ = i'^\[c^ ■ 
Clearly if p [6 G P/ and q\cE Pf then the two definitions of < coincide. 

Definition 2.15. Let p,p' E Pf with dP — dP' . We write p ^ p' if for each a. E dP 
and 6 C a** n a we have uPia., b) C uP'{a, b). 

The following technical result will play a crucial role in the proof of 2.4(iii). Part 
(c) in it will enable us to "insert" certain things in II(7o) in a non-trivial way. But 
there is a price we have to pay for this: this is the point where the coherency of the 
H(a) has to be abandoned. Part (d) will be needed in section 3. 

Lemma 2.16. Assume that s = (a", G Pf, a' = SUEUF, Q G S, S <0nE <0nF, 
E ^ {'ji-.i < k}, 7o < 7i < • ■ • < 7yfc_i, F = {7^,0, 7i,i : i < k}, moreover 
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(i) yi<k /i^(7,,o) n /i^(7a) =h'[QUE], 

(ii) Vz < A; Ve e ^ /(e,7.) = /(e,7,o) = f{^,l^,l)■ 

Then there is a condition r — {a^, h'^, f) with — S Li E such that 

(a) r < s\S, 

(b) r < s\{QUE), 

(c) S\h'[QUE]ch'{jo), 

(d) s\{S[JE) ■<r. 

Proof. hQioT ^SUE and write C = S\h'[Q VJ E]. For ^ e we set 

fftt\ ^ [ h'iO U C if e = % and 70 G h'{-fi), 
\ h^iO otherwise. 



For ^ 7^ 77 e a'" we let 



/(C) ^7) ct*^ otherwise. 



Finally let r = {a'^,h'^,i^). 

We claim that r satisfies the requirements of the lemma, (a), (b) and (c) are clear 
from the definition of r, once we estabhsh that r G P/. To see that it suffices to check 
only 2.1.(iv) because the other requirements are clear from the construction of r. So 

let ^ < ?7 G a^. We have to show h'^{^) * K^ir]) C h'^li^iijli)]- 

If e S, then * C holds because r[5 = sf5 e P/. 

So we can assume that rj = ji for some i < k. 

Case 1. ^eS. 

Subcase 1.1. ^ ^ /i^(7i), /lence * /i''(7i) = /i''(0 n /i''(7i)- 
In this case we also have h^{C) * h^{li) = h^H) ^ ^^(7i and so 

(3) h\i) n /i^(7.) C /^1^^(e,7.)] C h^\^''{^^l^)] 

for i''(C,7i) D i*(^,7i,). If 70 ^ /?.'*(7i) then /i''(7i) = /?.'*(7i) and since = 
we have * /i^'l^) = n /i"(7j) C 7i)] by (3). Assume now that 

7o e /i"(7i). Thus /i^(7i) = h'i^i) U C, and so ^ ^ C, that is i e h'[Q E\. Then 
^'(0 * hT{.li) = h'-iO n h'ii.) = {h%0 n /i^(7i)) U {h%0 n C). By (3) above it is 
enough to show that h%^) (IC C h'''[f'{^, %)]. Since n C = for ^ e Q we can 
assume that i ^Q- By (i) W^IQ \J E] = /i''(7i,o) n /;.''(7i,i) and so 

(4) h\i) nC^h\i)\ h^[Q UE]^ {h^O \ h'{l^,o)) U {h^iO \ h'{li,i)). 
Since ^ e h^[Q U E] C h^i^ij) for j = 0, 1 we have 

(5) \ /^^(7m) = /^^(O * h'h^,) C /i1^^(e,7M)]- 
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By (ii), i^(^,7ij) C na' = /(^,7i) n a'. Since ^ ^ Q it follows that 

/(C) 7i) n a* = 7i). Thus from (5) we obtain 

(6) h^iO \ h'ilij) C h^\i'iC,ji)] = h^li'iCni)]- 

Putting (4) and (6) together we get h^{^) fl C C 7^)] which was to be proved. 

Subcase 1.2. ^ e /i^(7i), /lence * /i''(7i) = /^'■(O \ h'^ili)- 

If C e /i"(7i) then since h'{0 = ^''(0 we have * /i''(7i) = h''{^) \ h'\-ii) C 

^^(0 \ h^ili) C /i*[i*(C,7j)] C /i''[i''({,7i)] and we are done. 

So we can assume that ^ ^ h^ili) and so h'^i'^i) 7^ h^{'-fi). By the construction of 
r, we have 70 G /i*(7i), /i' (7i) = h'l-fi) U C and so ^ G C, i.e { ^ U E]. By (i) 
we can assume that ^ ^ /i^(7i,o)- So s G P/ implies 

(7) /ilO n /i^(7^,o) = h^O * /i^(%,o) C h^[^'{^n^,o)] 
We have 

(8) /i'-(0 * h^iji) = /i^(0 \ {h'ili) u C /i^(0 \ c 
and applying (i) again 

(9) \ C = h'ii) nh'[Q\JE]^ h'iO n /i^(7i,o)- 

By (ii), 1%^, 7,,o) C /(e, %,o) n = n a\ Since ^ ^ Q C /i^Q U £;] it follows 

that /(^, 7i) n a* = 7j) and so (7)-(9) together yield 

(10) h^{0*h^{ii)ch^\i^{Cni)] 

which was to be proved. 
Case 2. C = 7j for some j < i. 
Since = we have 

(11) /i^(7,)*/i^(7^)c/i'-[z'-(7.,7,)]- 
It is easy to check that 

(12) h^i^,) * h^{^,) = I * 'fjf^i , , ^ ^ * 

^ ^ ^'^^ \ /i"(7j) */i^(7i) UC if 70 G /i"(7j-) *^ (7i)- 

So we are done if 70 ^ h^ilj) * h^{.li)- Assume 70 G h^i'jj) * h^iji)- Then there is 
7; G with 7o G /i^(7i)- Thus, by the construction of r we have 

(13) Cch^{^i)ch^\i^{^j,^,)] 

But (12) and (13) together imply what we wanted. 
Thus we proved r E Pf. 

Clearly r satisfies 2.16.(a)-(c). To check 2.16.(d) write s' = s\{S U E) and let 
a e S Li E and 6 C {S Li E) n a. We need to show that u^'{a, h) C u' (q, 6). Since 
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U is an initial segment of a*, we have u^' {a, b) — u^{a, h). If a e 5", then also 

(a, h) = u^{a, b), so we can assume o EE. 

Let ^ G u'^'ia^b) = u''{a,b). Then ^ G /?/(«) C h^[E], and hence ^ ^ C. But 
h'^[b] \ h'^[b] C C, more precisely, it is empty or just C. Since ^ G u^{a,b), it follows 
that ^ ^ and so ^ ^ because ^ ^ C. Thus ^ G u^{a,b). Hence r satisfies 
(d). 

The lemma is proved. □ 
Lemma 2.17. In V^f , ifY<Zuj2 is countable, then either Y is compact or\uj'2\Y\ < 

Proof. Assume that Ip^lf — "F = {?/„ : n G a;} C UJ2" ■ For each n G u; fix a maximal 
antichain C„ C P/ such that for each p E Cn there is a G with p\\ — "?/„ = a" . Let 
A = U{a^ '■ P ^ U Cn}- Since every is countable by c.c.c we have \A\ = uj. 

n<Lj 

Assume also that lpj.11 — "F is not compact", that is, Y can not be covered by 
finitely many H{S) in V^f . 

Let _ 

I^{5<uj2:^pePf p\^"S i y"}. 

Clearly Ip^ii — a;2 \ C y. Since a;2 \ / is in the ground model, by corollary 2.14 it is 
enough to show that a;2 \ / is infinite. Actually we will prove much more: 

Claim. 1 is not stationary in 002- 

Assume on the contrary that / is stationary. Let us fix, for each 5 & I, a condition 
Ps G Pf and a finite set Ds E S such that p^n— "Y r\\J{S,Ds) = 0". For each 
6 E I let Qs = aP^ n 6 and Es — oF^ \ 5. We can assume that Ds C Qs and sup A < 5 
for each S E I. 

Let Bs = c\f{AuQs, Es) for 5 E I (see 1.3). For each 6 E I the set Bs is countable 
with sup(i?5) = sup(A U Qs), so we can apply Fodor's pressing down lemma and CH 
to get a stationary set J C / and a countable set B C 102 such that Bs — B for each 
SeJ. 

By thinning out J and with a further use of CH we can assume that for a fixed 
k E UJ we have 

(1) E' = {7f : z < for 5 G J, 7o' < 7? < • • • < 7Li, 

(2) m, it) = /(e, it') for each ^ E B, 5,5' E J and i < k. 

Let 5 — min J, D — Ds, E — Es, P — Ps, Q — Qs- By lemma 1.2 there are ordinals 
5j E J with 5 < 5o < 5i < • ■ ■ < 52k-i such that 

W BUEC f]{f{^, rj):CEEs^,rjEEs„i<j< 2k}. 

For i < k and j <2 let 7, = it and lij = it^*^' . Let F = {7^^ : i < k,j < 2}. 
We know that — QUE. Define the condition q E Pfhy the following stipulations: 
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(i) a'^ = U F and q < p, 

(ii) /i'^(7,,,) = {7^,,} U aP for G k x 2 

(iii) i'^(7ioJo>7iiji) = for (io,io) 7^ e k x 2, 

(iv) ^"(^71^) = for C e a?" and e A; x 2. 

Since G BU E, (^) implies that q & Pf. 

Since Ip^li — "H[(5 U E] :/) Y" , there is a condition t < q, a, natural number n and 
an ordinal a such that in — "a = but o; e a* \ U £■]. Since Cn is a maximal 
antichain we can assume that t < v for some V G Cn- 

Let s = ^[(-^ U E U F). Then s G P/ because for each pair < 77 G if 
^ G -B then i\^,r]) C /(C,^]) C -B and so i\^,r]) C and if ^,77 G E U F then 
i\^,r]) = i'^i^,r)) C Q U E <Z a^. Moreover s < v because a"" C -B. Thus sll— 
"a = and a ^h'[QUE]. Let S = a' n B. 

Since i*(7i,o, 7i,i) = ^^(7i,o, 7i,i) = <3 U and 7,^- ^ h%-fi^i-j) we have 



Moreover, if ^ G Q U and j < 2 then ^ G h'^i'fij) C h^{^i,j) and i^(C,7ij) = 0, 
consequently 



Putting (14) and (15) together it follows that /i*(7i,o) n /i'(7i,i) = /i'lQ U £;]. 

Thus we can apply 2.16 to get a condition r such that r < s\{Q Li E) — p, 
r < s\S < V and a e S \ h'[Q {J E\ C h'{^o) = h'{5). Since D G Q, we have 
a G /i"(5) 



the claim is proved and this completes the proof of the lemma. □ 

Clearly, lemma 2.17 implies that Xf is countably compact. 

Corollciry 2.18. If F G X is dosed (or open), then either \F\ < lui or \X\F\ < uji. 

Proof. If \F\ — CU2 then F is not compact, so by lemma 1.7 F contains a free sequence 
Y with non-compact closure. But F is initially cui-compact and countably tight, 
so Y is countable. Consequently, we have \u!2 \Y\ < cui by lemma 2.17 and so 
|X\F|<a;i. □ 

Corollary 2.19. Xf is normal and z{Xf) = hd(Xj) < Ui. 

Proof. To show that Xf is normal let Fq and Fi be disjoint closed subsets of Xf. 
Since at least one of them is compact by lemma 2.17 they can be separated by open 
subsets oi Xf because Xf is T3. 



(14) 



/i^(7,,o) n /i^(7i,i) = /i^(7,,o) * h'{^i,i) C h'[Q U E]. 



(15) 
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Concerning the hereditarily density oi Xf it follows easily from corollary 2.18 that 
Xf does not contain a discrete subspace of size uj2. But Xf is right separated, so all 
the left separated subspaces of Xf are of size < cui, that is , z{X) < uji. □ 

Thus theorem 2.4 is proved. □ 

We know that the space Xf is not automatically hereditarily separable, so the 
following question of Arhangel'skii, [1, problem 5], remains unanswered: Is it true in 
ZFC that every hereditarily separable, initially ci;i-compact space is compact? 

As we have seen our space Xf is normal. However, we don't know whether Xf is 
or can be made hereditarily normal, i.e. T5. This raises the following problem. 

Problem 1. Is it provable in ZFC that every T^, countably tight, initially uji- compact 
space is compact? 

3. Making Xf Frechet-Uryson 

In [1, problem 12] Arhangel'skiiasks if it is provable in ZFC that a normal, first 
countable initially cui-compact space is necessarily compact. We could not completely 
answer this question, but in this section we show that the Frechet-Uryson property 
(which is sort of half-way between countable tightness and first countability) in not 
enough to get compactness. 

To achieve that we want to find a further extension of the model V^f in which 
Xf becomes Frechet-Uryson but its other properties are preserved, for example, Xf 
remains initially a;i-compact and normal. Since Xf is countably tight and x{^f) ^ ^1 
it is a natural idea to make Xf Frechet-Uryson by constructing a generic extension of 
V^f in which Xf remains countably tight and p > a;i, i.e. M74(^^ (cr-centered) holds 
(see [9, theorem 8]). 

The standard c.c.c poset P which forces p > a;i is obtained by a suitable finite 
support iteration of length 2^'^. During this iteration in the a*^ step wc choose a 
non-principal filter c P(u;) generated by at most uoi elements and we add a new 
subset A of a; to the a*'^ intermediate model so that A is almost contained in every 
element of i.e. ^4 \ F is finite for each F & T. It is well-known and easy to see 
that P has property K. Thus, by theorem 3.1 below, Xf remains countably tight in 
V^f*^ and so indeed Xf becomes Frechet-Uryson in that model. Moreover, theorem 
3.2 implies that the a;i-compactness of Xf is also preserved. Unfortunately, we could 
not prove that forcing with P preserves the countable compactness of Xf. 

So, instead of aiming at p > a;i we will consider only those filters during the 
iteration which are needed in proving the Frechet-Uryson property of Xf. As we will 
see, we can handle these filters in such a way that our iterated forcing R preserves 
not only the countable compactness of Xf but also property (iii) from theorem 2.4: 
in V^f*^ the closure of any countable subset of Xf is either compact or contains a 
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final segment of UJ2- Of course, this will insure the preservation of the normality of 
X/ as well. 

We start with the two easy theorems, promised above, about the preservation of 
countable tightness and c<Ji-compactness of Xf under certain c.c.c forcings. 

Theorem 3.1. If the topological space X is right separated, compact, countably tight 
and the poset R has property K then forcing with R preserves the countable tightness 
ofX. 

Proof. First we recall that X remains compact (and clearly right separated) in any 
extension of the ground model by [5, lemma 7]. Since F(X) = t(X) for compact 
spaces, assume indirectly that IrII — "{i^ : ^ < uoi} G X is a free sequence" . For every 
^ < a;i we have that l^^n — "{i^ • C < O '^^'^ {-^C '■ ^ ^ C < ^i} (^^^ disjoint compact 
sets" and X is T3, so we can fix a condition p^ G P, open sets and from the 
ground model and a point E X such that U^dV^ = $ and 

P?!^" {ic : C < O C U^, {z^:^<C <^i} C and = z^." 

Since R has property K, there is an uncountable set / C such that the conditions 
{Pe. '■ i ^ 1} are pairwise compatible. 

We claim that the sequence {z^ : ^ e /} is an uncountable free sequence in the 
ground model which contradicts F(X) = t(X) = uj. Indeed let ^ e /. li ( E I (1 ^, 
then p^ and has a common extension g in P and we have 

gn— "i^ = and {i^ : 77 < ^} C ?7^." 

Hence e U^. Similarly for C e 7 \ ^ we have z,^ eV^. Therefore and separate 
{z,^ : C E I f]^} and {zi^ : ( E which implies that {z^ : ^ E 1} is really free. □ 

Theorem 3.2. Forcing with a c.c.c poset R over V^f preserves property 2.4. (m) of 
the space Xf, i.e. for each uncountable A C Xf there is (5 E UJ2 such that A fl H{j3) 
is uncountable. 



For 



Proof. We work in V f . Assume that r\\ — r "A = {a^ : { < oji] e 
each ^ < uji pick a condition < r from R which decides the value of d^, r^ll — r 
"a^ = a^" . Since R satisfies c.c.c, {a^ : ^ e uJ\) is uncountable, hence as Xf has 
property (n) in V^^ , for some (3 < UJ2 the set I — H(/5) fl {a^ : ^ < cui} is also 
uncountable. Since R satisfies c.c.c there is a condition q < r m. R such that gll — r 
"|{.^ G / : G Q}\ = uji \ where Q is the i?-generic filter over V^f . Thus gfll — r 
"I A n H(/?)| = uji" which was to be proved. □ 



Of course, theorem 3.2 implies that forcing with any c.c.c poset R preserves the 
cui-compactness of Xf. It is much harder to find a property of a poset R which 
guarantees that forcing with R over V^f preserves the countable compactness of Xf. 
We will proceed in the following way. In definition 3.3 we formulate when a poset 
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R is called nice (over Pf), and then in theorem 3.4 we show that forcing with a 
nice poset preserves not only the countable compactness of X/, but also property 
2.4(iii): the closure of any countable subset of Xf is either compact or contains a 
final segment of 002- Finally, in definitions 3.5 and 3.6 we describe a class of finite 
support iterated forcings, which by theorem 3.7 are nice and have property K , and 
then in theorem 3.9 we show that forcing with a suitable member of this class makes 
Xf Frechet-Uryson. 

Definition 3.3. Let R he a name for a poset in V^f . We say that R is nice (over 
Pf ) if there is a dense subset V of the iteration Pf * R with the following property: 
If {po,ro) , (pi,ri) e V, p,p' e Pf are such that p < po,Pi, p' < Po,Pi, and 

p|] — "ro and ri are compatible in R" , 

moreover we have either p <p' or p ~< p' (see definition 2.15) then we also have 

p'w — "ro and ri are compatible in R" . 

Theorem 3.4. // CH holds in V, f is a A-function and R is a Pf-name for a c.c.c 
poset which is nice over Pf, then 2.4. (m) is preserved hy forcing with R, i.e. 

yPf*R ^ vy e [XfY{ Y is compact or \Xf \ F| < t.;i ). 

Proof. Let V G Pf * R witness that R is nice. 

Assume that Ip^jjH — ''Y = {y^ : n e a;} C UJ2" . For each n G a; fix a maximal 
antichain Cn C T> such that for each (p, r) e C„ there is a E with (p, r) 11 — = 
a". Let A — [j{aP : {p,r) & \J Cn}- Since every C„ is countable by c.c.c we have 

n<(jj 

\A\ = cu. 

Assume that Ip^^j^ii — "Y is not compact" , that is, Y can not be covered by finitely 

many H{5) in V^f*^. 

Let _ 

/ = {7 < a;2 : 3 (p,r) e P/ * i? (p,r) i^"7 ^ F"}. 

Since ci;2 \ / is in the ground model and Ip^^pH — a;2 \ C y, it is enough to show 

that uj2\ I is infinite. Indeed, in this case ix'2 \ / contains a final segment of UJ2 by 
corollary 2.14. (Note that the closure of a ground model set does not change under 
any further forcing.) Thus the next claim completes the proof of this theorem. 

Claim. / is not stationary. 

Assume on the contrary that / is stationary. For each 5 G / fix a condition 



{ps, rs) E Pf* R and a finite set Ds E 6 such that {ps, rs) 11 — "F fl U(5, D5) = 
For each 5 E I write Qs = a^^ r\5 and Es = a^^ \ S . We can assume that Ds G Qs, 
5 E Es and sup A < 5 ior each 5 E I. 



20 How TO FORCE... February 1, 2008 

Let Bs = c\f{A U Qs,Es) for 5 G / (see 1.3). Since Bg is a countable set with 
sup(-B5) = sup(A U Qs) and so sup{Bs) < S, we can apply Fodor's pressing down 
lemma and CH to get a stationary set J C / and a countable set B G LJ2 such that 
Bs — B for each 6 e J. 

By thinning out J and with a another use of CH we can assume that for some 
fixed /c e cu we have 

(1) E' = {7f : 2 < A;} for (5 e J, 7o' < 7f < ■ • • < iLi, 

(2) /(e, 7f ) = /(e, 7f ) for each ^ e B, S,S' e J s.nd i < k. 

Let 6 = min J, D = Ds, E = Es, p = ps, r = rs, Q = Qs- By lemma 1.2 there are 
2k ordinals 6j G J with 6 < 60 < 61 < ■ ■ ■ < ^2^-1 from J such that 

W 5 u E c n{/(C,^) : e e e ^5,,^ < J < 2A;}. 

For i < and j <2 let 7, = 7f and 7,^- = 7^"^'+'. Let F = {'jij : i < k.j < 2}. 
We know that = QUE. Define the condition g G P/ by the following stipulations: 

(i) = U F and q < p, 

(ii) h'^i^ij) = {7i,,} U aP for (2, j) G A; x 2 

(ill) i%7io,jonii,ji) = of for («o, jo) 7^ (^1, ji) G A; X 2, 
(iv) i*(C,7ij) = for ^ G aP and (i,j) G A; x 2. 

Since G B Li E, {-k) implies that q & Pf and so (g, r) E P * R. 

Since Ip^^^ii — "H[Q U E] does not cover Y" , there is a condition {t,u) < {q,r) 

in Pf * R, a natural number n and an ordinal a such that {t, u) n — "a = ?/„" but 
q; G o}\h^[QU E]. Since C„ is a maximal antichain we can assume that (t , m) < (c, 0?) 
for some (c, d) G C„. 

Let s = U U F), w = U F) and 5 = n S = n 5. Then s and w 

are in P/ because for each pair ^ < r] & ii ^ E B then ?'*(,^, ?]) C /(^, 1]) G B and so 
77) C S, and if ^, 7] G F U P then 77) = 77) C Q U P C a' n a"". Moreover 
s <w <p,c because a'' C f] B = S and a** = Q U P C a*n C P U P. 
Since (t, m) < {p,r) and (t, n) < (c, d), so 

(*) t\\ — " r and d are compatible in R" . 

Since t < w < p,c and P is nice for P/ we have 

(**) — " r and d are compatible in R" . 

We know s < c and so sii — "a = y„" and a G a* \ /^^[Q U P]. 

Since i*(7i,o, 7i,i) = «^(7i,o, 7i,i) = <3 U P, and 7^,^ ^ h^'ji^i-j) we have 

(16) /i^(7,,o) n /i^(7,,i) = /i^(7,,o) * h'{li,i) C /i^g U P]. 
If ^ G Q U P, then ^ G h'^i^ij) C h^i^ij) and i*(^, 7^^) = and so 

(17) h^iO \ /i^(7„) = /^^(O * h^{7^,) C /i1^^(e,7M)] = 0- 
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Putting (16) and (17) together it follows that /i' (7^,0) n /i" (7^,1) = h'[QUE]. Thus we 
can apply 2.16 to get a condition p* G Pf such that p* < s\{QUE) = p, p* < s\S < c, 
w -<p* andae S\h'[QUE] C hP' {jo) = hP*{5). But D C so a e hP' {5)\hP'' [D]. 
Hence e U((5,L')". 

Since p* <p,c and w ^ p* and i? is nice, it follows from (**) that 

(***) p*w — " r and d are compatible in R" . 

Thus (p, r) and (c, d) have a common extension (p*, r*) in P * R. 
But then 

(p*,r*)i^^n = aeFnU(5,D) 

because {p*,r*) < (c.d,). On the other hand {p*,r*) ll — ""K fl U(5, D) = 0" because 
{p*,r*) < {p, r). Contradiction, the claim is proved, which completes the proof of the 
theorem. □ 

r -| a; 

Definition 3.5. Assume that A G Xf and a E A. We define the poset Q{A^ a) 



as follows. Its underlying set is A x a . If (s, C) and {s'C) are conditions, 
let (s, C) < {s'C) if and only if s D s', C D C and s\s' C U(a, C). For g G g(^, a) 
write g = (s'^, C"^) and supp(g) = s'^ U C"'. 

It is well-known and easy to see that if ^ is a Q{A^ Q;)-generic filter, then S = [j{s'^ : 
g G ^} is a sequence from A which converges to a, i.e. every open neighbourhood of 
a contains all but finitely many points of S. 

Clearly Q{A, a) is cr-centered and well-met. In fact, if po — {sq, Cq) and pi = 
(si, Ci) are compatible, then po /\p\ — (sq U Si, Cq U Ci). 

Definition 3.6. A finite support iterated forcing {R^ ■ ^ < n) over V^f is called an 
FU-iteration if for each ^ < k we have 



^Pf*R^^^ — R^+i = R^* Q{A, a) for some A G 



and a G A. 



Since every Q{A, a) is cr-centered, it is clear that any FU-iteration is c.c.c, in fact 
it even has property K. The really important, and much less trivial, property of them 
is given in our next result. 

Theorem 3.7. Any FU-iteration is nice over Pf. 

Proof. Assume that {R^ ■ ^ < k.) is an FU-iteration, = R^ * Q{A^,a^). Write 

Q* = [c^sj X [cusj . Clearly 1p^*r^i^ "Q(A^,d^) C Q*" . 

We consider the elements of Pf * R^ as pairs (p, r), where p & Pf and p\\ — "r is a 
finite function, dom(r) C k and r\^\\ — j^^r(0 £ Q{^^, ^t) /'^'^ ^^^^ ^ ^ dom(r)". 
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Definition 3.8. A condition (p, r) G Pf*Ri^ is called determined \l r e Fn(K, Q*, c<j), 
(i.e r is a finite function, not only a P/-name of a finite function) moreover for each 
^ G dom(r) we have supp(r(^)) C and there is an ordinal a G such that 

Clearly the family D of the determined conditions is dense in Pf * R^. We claim 
that V witnesses that is nice. Indeed let (po, ^'o) {Pi: fi) ^ P^p' ^ -P/ be such 
thatp <Po,Pi, p' <Po,Pi, 

(+) p\\ — "ro and ri are compatible in i?" 

and either p < p' or p -< p'. 

Write ri(^) = {si{^), Ci(0) fo^^ C ^ dom(ri). Let = dom(ro) Udom(ri). For i <2 
and ^ G -D let 

/ Si{^) if ^ G dom(rj), 
I otherwise, 



and 



QiO ifeedom(r,), 
otherwise. 



Consider the condition r* G Fn(«;, Q*,uj) defined by the stipulations dom(r*) = D 
and r*(0 = U C*(0 U C*(0) for C e ^- We show that p'\h- "r* Z5 a 

common extension of vq and ri in i?^." We prove a bit more: we show, by a finite 
induction, that for each ^ G I? 

p'l^'V* R + 1 e R^+i and r* re + 1 < ro R + 1, n R + 1-" 
The non-trivial step is when ^ G dom(ro) fl dom(ri). 

Since {p', r* \^) < {p', \^) by the induction hypothesis, it follows that (p', r* \^) w — 
G [A^\ " and so {p',r*\i) h- "r*(0 e g(A^,d^)", that is, p'\n- "r*[e + 1 G 

-R^+i" • 

By (+) for some Pj-name f and Pj * i?j-namc q we have (p, f) & Pf * and 
(p, r) 11 — "g G (^(^g,^^) «5 a common extension of ro{C,) and ri{^)" . Hence (p, r) n — 
"s^ \ soiO C U(a,Co(0) and s'^ D Therefore (p,r)l^ \ so(0 C 

U(q;, Co(0)"- By supp(ri(e)) C a^, this can only happen if 

(t) si(0\so(Oci.V,Co(0). 

But both p < p' and p < p' together with (f ) imply 

Thus p'l^ \ so(0 C U(a,Co(0)", i-e. (p',r*[0 "i^r*(0 < ro(0". Similarly, 

it can be proved that {p',r*\^) w — "r*{^) < ri{^)" . Thus we have carried out the 
induction step and the theorem is proved. □ 
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Now we are ready to prove the main result of this section. 

Theorem 3.9. Assume that CH holds in the ground model V , there is a A-function 
f and X is a cardinal such that uj\ < X — X'^. Then in V^f there is an FU-iteration 
Rx of length X such that in V^f*^^ the space Xf is Frechet-Uryson and satisfies 
2A{i)-{iii), moreover V^f*^^ ^ '"2'^ — {X'^)^ for each cardinal k > cu". 

Proof. Since \Pf\ = 002 and Pf satisfies c.c.c we have (A'^)^''^ < ((|P/|A)'^)^ = 
(A*^)^ = A. Therefore, using a suitable book-keeping procedure in V^f (sec [6, 
Ch VIII. 6.3] for this technique) we can construct an FU- iteration (R^ '■ ^ ^ X), 
R^+i = R^ * Q{A^,a^), having the following property: for every pair {A, a) if A 
is a countable subset of Xf in V^f*^'' and a E A then for some ^ < A we have 
YPf*R^ ^ ''Q{A^,a^) ^Q{A,ay\ Thus 

(*) V^f*^^ 1= "if Oi e UJ2 is in the closure of a countable set A C Xf then there is 
a sequence {s„ : n E u} G A which converges to a" . 

Since Rx has property K in V^^', by theorem 3.1 the space Xf remains countably 
tight in V^-f*^^. Putting together this observation with (*) it follows that V^^*^^ ^ 
''Xf is Prechet-Uryson" . 

An FU-iteration is nice by theorem 3.7, and so Xf has property 2.4(iii) in V^f*^>' by 
theorem 3.4. Since Xf is right separated it remains locally compact in any extension 
of V^-f . Since Rx satisfies c.c.c the space Xf has property 2.4(ii) in V^^*^^ by theorem 
3.2. All this implies that Xf remains initially a;i-compact and normal. 

Finally we investigate the cardinal exponents in V^f*^>'. Since |P/| = U2 and 
Ip^li — "|-Ra| = A", the iteration Pf * Rx contains a dense subset T> of cardinality < A. 

Since Pf * Rx satisfies c.c.c it follows that for each k, > lo we have {2-)V < 

On the other hand every successor step of an FU-itcration introduces a new subset 
of a countable set, and so (2'^)^^^*''^ > A. Consequently, V^f*^^ ^"2" = (2'^^" > 
^ ^^K-^vv ^ which proves what we wanted. □ 

Theorem 3.9 answers a question raised by Arhangel'skii, [1, problem 3], in the 
negative: CH can not be weakened to 2'*' < 2'^^ in the theorem of van Douwen and 
Dow. In fact we proved much more: the existence of a Frechet-Uryson, initially cui- 
compact and non-compact space is consistent with practically any cardinal arithmetic 
that violates CH. More precisely, if we have a ZFC model V in which CH holds and 
A = A'^ < 2'^^, then we can find a cardinal preserving generic extension W oi V 
which contains a Frechet-Uryson and normal counterexample to the van Douwen- 
Dow question, (2'^)^ = A, moreover (2'*)^ = (2'*)^ for each k > uoi. We can 
obtain W as follows. First we force the cr-complete poset P of Shelah (see [3]) which 
introduces a A-function / in . Since P is cr-complete and \P\ = LJ2, forcing with 
P does not change 2** for any k > cu. Now forcing with Pf over introduces 
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the counterexample Xf to the van Douwcn-Dow question. Since |P/| = uj2, the 
cardinal exponents are the same in and in V^f for uncountable cardinals and 
(2^)^ * ^ = UJ2. Finally we can apply theorem 3.9 to get the desired final model 
W = V^*^f*^^. Let us remark that we have (2")^ = (2")^ for k > cui because 
(2'=)^ = (A'^)^ by A < 

Let us remark that for any cardinal k the poset Fn{K, 2, cu), i.e. the forcing notion 
that adds k, many Cohen reals, is clearly nice over Pf, as is witnessed by the dense 
set of the determined conditions. Thus, by theorems 3.1, 3.2 and 3.4 , adding Cohen 
reals will preserve properties 2.4(i)-(iii) of X/, especially Xf remains countably tight 
and initially a;i-compact. It is worthwhile to mention that, in contrast with this, 
Alan Dow proved in [4] that if CH holds in the ground model V then adding Cohen 
reals can not introduce a countably tight, initially a;i-compact and non-compact 
space. 

Let us finish by formulating the following higher cardinal version of the van Douwen- 
Dow problem: 

Problem 2. Is it provable in ZFC that an initially 002- compact T3 space of countable 
tightness is compact ? 

The main problem is trying to use out approach that worked for uj2 (instead of uj^ 
here is that no A-function may exist for CJ3! This problem has come up already in 
the efforts trying to lift the result of [3] from uj2 to ujz- 
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